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A. Introduction



Full Configuration Interaction (FCI)

where          denotes the K-th Slater determinant and       its coefficient.

For N𝛼 alpha and N𝛽 beta electrons in M spatial orbitals, the total number of 

determinants is:

In quantum chemistry, FCI provides the exact solution to the Schrödinger 

equation.

The FCI wavefunction can be expressed as:



This observation underlies selected configuration interaction (SCI) methods, 

which retain only those important determinants:

In most chemical systems, only a small subset of determinants contributes 

significantly to the wavefunction.

Due to the factorial growth of NFCI , FCI rapidly becomes intractable as the 

system size increases.

Selected Configuration Interaction (SCI)

Developed SCI methods have been shown to provide highly compact 

wavefunctions, achieving near-FCI accuracy with only a small fraction of 

the FCI determinants for a wide range of molecular systems.



Algorithm Perspective

→ astronomically long vector 

The core operation in CI diagonalization methods is a matrix-vector 

multiplication:

H: Hamiltonian matrix (highly sparse and diagonally dominant)

U: eigenvector (the CI wavefunction)

→ much shorter vector

Including more determinants

However, most existing SCI implementations still employ replicated CI-

vector storage. As a result, reported SCI calculations typically involve 

up to about 2 billion determinants.

improves the accuracy

increases the length of the CI vector



Usable memory per node: ~24 GiB

On Fugaku, 158,976 nodes available

→ 3.2*109 determinants

→ 5.1*1014 determinants

Fully distributed CI-vector storage!



Algorithmic Requirements

To enable extreme-scale SCI calculations, three key algorithmic 

requirements must be satisfied in the matrix-vector multiplication:

H: on-the-fly Hamiltonian evaluation

U: fully distributed CI-vector storage

Efficient Hamiltonian application

Solve larger problems

Solve problems faster

These requirements motivate us to reconsider: how determinants are 

organized in SCI calculations.



Tensor-Product Bitstring (TPB) Representation

Each determinant can be written as the tensor product of an 𝛼- and a 𝛽-bitstring:

The FCI wavefunction can equivalently be written as:

We refer to the representation as tensor-product bitstring (TPB) representation.

This 𝛼/𝛽 factorization has long been used in FCI algorithms to enable efficient 

Hamiltonian application on-the-fly with distributed CI-vector storage.

However, most SCI methods select determinants individually in a sparse and 

irregular manner.

→ the complete tensor-product form is no longer preserved.

→ how to organize the determinants?



SCI Determinants in the TPB Representation

𝛼1 𝛼2 𝛼3 𝛼4

𝛽1

𝛽2

𝛽3

𝛽4

These determinants are stored in memory in a determinant-by-determinant 

manner.

𝛼3𝛽1

𝛼1𝛽2 𝛼2𝛽2

𝛼4𝛽3

𝛼2𝛽4

Consider the complete tensor-product closure:

which spans the full set of 16 determinants.

Suppose the selected determinants are: 𝛼1𝛽2, 𝛼2𝛽2, 𝛼2𝛽4, 𝛼3𝛽1, and 𝛼4𝛽3. 

horizontal: 𝛼-bitstring 

excitation  (e.g. 𝛼2 𝛼4)

vertical: 𝛽-bitstring 

excitation (e.g. 𝛽1 𝛽3)

However, if we embed them within the TPB representation, a structured 

bitstring-level indexing and connectivity pattern emerges naturally 

reusable



TPB Structure

We refer to this organizational pattern as the tensor-product bitstring (TPB) 

structure.

Building upon this structure, we develop the tensor-product bitstring 

SCI (TBSCI) approach.

Within this organizing principle, fully distributed CI-vector storage and 

structured traversal enables efficient on-the-fly Hamiltonian application.

Its algorithmic role will be discussed shortly.



B. Methodology

B1. Determinant organization and
      distributed CI-vector storage

B2. Distributed matrix-vector multiplication

B3. Efficient Hamiltonian computation

B4. MPI communication strategies

These four components are not independent modules, 
but form an integrated and tightly coupled framework.



B1, TPB Determinant Space

Suppose that a small set of important 𝛼- and 𝛽-bitstrings is identified, and 

we retain as:                                     and                                   

In realistic systems, even the numbers of 𝛼- and 𝛽-bitstrings (L𝛼 and L𝛽) can be 

astronomically large.

which is referred to as the TPB determinant space.

Suppose all determinants in 𝒟TPB are retained in TBSCI calculations. Based on the 

“𝛽 first, then 𝛼” strategy, the global index K and the pair (𝑤, 𝑢) are related by:

The resulting tensor-product determinant set:



B1, Distribute Storage of the CI Vector

Define a segment as the subset of CI vector corresponding to all determinants 

sharing the same 𝛼 bitstring. Here, each segment has a uniform length equal 

to 𝑙𝛽.

Denote 𝑚𝑝 as the number of 𝛼−bitstrings assigned to process 𝑝

 (σ𝑝=0
𝑁−1 𝑚𝑝 = 𝑙𝛼) , and 𝑑𝑝 as the displacement index (σ𝑖=0

𝑝−1
𝑚𝑖 = 𝑑𝑝).

Determinants are distributed across processes according to their 𝛼 bitstring.



B1, TBSCI Determinant Space

TBSCI selects a determinant subset within 𝒟TPB:

which is referred to as the TBSCI determinant space. 

When                                for all 𝜔, 𝒟TBSCI  = 𝒟TPB. 

Segment lengths are no longer uniform

Replicated metadata 

for each segment:

– global offset

– owning process

– segment length

Replicated metadata 

for each process:

– global offset

– total length of its

   CI-vector portion

Locally stored data

for each segment:

denotes the index set of 𝛽-bitstrings paired with the 𝜔-th 

𝛼-bitstring. It may range from the empty set to the full index set                  . 

adjustments to the storage strategy



𝒟FCI

L𝛼

L𝛽

l𝛼

l𝛽
𝒟TPB

Goal of this work
To assess the intrinsic compactness of the TPB representation, 

𝒟TBSCI  retains all symmetry-allowed determinants within 𝒟TPB.

● : determinants selected in 𝒟TBSCI



B2, Distributed Matrix-Vector Multiplication

In Davidson diagonalization, the core step is:

After distributing the CI vector, each process computes its local contribution 

𝐖𝑝 as:

Each fetch-and-compute operation is treated as one 

step.

During the N steps of a single Davidson iteration, each node operates 

independently without global synchronization.

Suppose there are N processes, a single Davidson iteration in principle 

involves N steps.



H*U0

Proc 0

H*U1 H*Ui H*Ui+1 H*Un-1H*U2

… … … … … …
step 0:

step 1:

… … … … … … … … … … … … … … … … … … … … …

H*U1 H*U2 H*Ui+1 H*Ui+2 H*U0H*U3

… … … … … …

step j:

step 2:

B2, Asynchronous Hamiltonian Application

Proc 1 Proc 2 Proc i Proc i+1 Proc n-1

U0 U1
U2 Ui Ui+1 Un-1

U0 U1
U2 Ui Ui+1 Un-1

H*U2 H*U3 H*Ui+2 H*Ui+3 H*U1H*U4

… … … … … …

U0 U1 U2 Ui Ui+1 Un-1



B3, Efficient Hamiltonian Computation

The Hamiltonian matrix is highly sparse!



B3, TPB Structure: Implications for the Algorithm

Although TBSCI retains only a subset of determinants in 𝒟TPB, the 

tensor-product indexing structure of the TPB representation is preserved.

Excitation relations among 𝛽-bitstrings can be precomputed once and 

reused across all 𝛼-bitstring pairs.

As a consequence, for a fixed pair , all 𝛽-side excitation candidates 

can be generated within the selected 𝛽-bitstring set        , and then filtered 

by the index sets       and       .

Construct the BETA_SINGLE_LINK and BETA_DOUBLE_LINK arrays, 

which store single and double excitation connectivity within        .



Firstly, loop over two sets of 𝛼 bitstrings

Pre-computed and stored arrays

In one iteration, process p needs to 

fetch BETA_DOUBLE_LINK data 

from the target process q only once. 



B3, Computational Scaling

In the framework of TBSCI, the sparsity of single and double excitations 

can be roughly estimated to be                  .

Scaling of [2,0] and [0,2]:

Scaling of [1,1] term:



B3, Computational Scaling of Conventional SCI

In conventional SCI implementations, the computational bottleneck is the 

mixed-spin [1, 1] term:

Computational scaling:

Explicit enumeration of determinant pairs



B4, MPI Communication Optimized Strategies

1. Avoid Unnecessary MPI Data Transfers

×

The overall MPI communication volume: ×

pre-determined



2. Minimizing Long-Distance Communication in MPI

Proc 0 Proc 1 Proc 2 Proc 3 Proc i Proc n-1

… … … … … …

… … …

The communication between distant nodes is significantly reduced because 

the excitation differences between their assigned 𝛼 bitstrings are more 

likely to be all greater than 2, making communication unnecessary.

×

B4, MPI Communication Optimized Strategies

𝛼 bitstring: … … …



3. Achieving Overall Balance in MPI

strict memory usage balance

severe computational load imbalance

mem

com

Proc 0 Proc 1 Proc 2 Proc 3

… … …

Proc n-1

… … …

B4, MPI Communication Optimized Strategies



3. Achieving Overall Balance in MPI

strict computational load balance

highly uneven memory distribution

mem

com

Proc 0 Proc 1 Proc 2 Proc 3

… … …

Proc n-1

… … …

B4, MPI Communication Optimized Strategies



3. Achieving Overall Balance in MPI

mem

com

Proc 0 Proc 1 Proc 2 Proc 3

… … …

Proc n-1

… … …

Computational load balance

Memory usage balance

Overall balance

B4, MPI Communication Optimized Strategies



4. Overlapping Computation and Data Transfer to 

hide MPI Latency

step 1:

step 2:

U0

H*U0

step 0:

U1

H*U1

U2

H*U2

U1

H*U0

U2

H*U1

U3

H*U2

overlapping

B4, MPI Communication Optimized Strategies



4. Overlapping Computation and Data Transfer to 

hide MPI Latency

Let tcal and tdata represent the computation time and the data 

retrieval time of one step, respectively.

If tdata > tcal , we define the delay time to the wall time as: tdelay = 
tdata − tcal

If tdata ≤ tcal , then tdelay = 0 even if the MPI communication 

congestion occurs!

We define Tdelay as the sum of tdelay over N steps in one Davidson 
iteration of a process.

B4, MPI Communication Optimized Strategies



5. Calculation Reassignment

Parts of the calculation have 

higher data requirements.

Steps with low computational 

load produce short tcal, making 

tdelay > 0 more likely. 

Low Data Task

High Data Task

Therefore, we assign [0,2] tasks to 

such steps as a reservoir to absorb 

potential tdelay.

B4, MPI Communication Optimized Strategies



6. Odd/even processes fetch in opposite orders

Odd-numbered processes fetch data :

Even-numbered processes fetch data ：

to reduce the concentration of the MPI communication peaks

… … …

… … …

B4, MPI Communication Optimized Strategies



Process A Process B
MPI_GET

BUSY

Process C

NO!

Process D

BUSY

NO!

MPI_GET

7. Check-if-busy dynamical scheduling

B4, MPI Communication Optimized Strategies



Process A Process A

SLEEP for 0.1s (BUSY)

8. SLEEP Strategy under Severe MPI Congestion

tdelay > 0.2s

MPI congestion behaves like a traffic jam: once congestion occurs, it 

induces blocking behavior which in turn worsens further congestion.

B4, MPI Communication Optimized Strategies

sleep time is included in tdelay.



C. Results

C1. Scalability and Parallel Efficiency

C2. Compactness of the TPB representation

       from SCI-derived bitstrings



C1, Scalability and Parallel Efficiency

To assess the parallel performance of the TBSCI eigensolver, 

we deliberately benchmark the code using FCI workloads.

For the same determinant count, FCI workloads involve:

• substantially heavier local Hamiltonian evaluations

• more intensive inter-process MPI communication than sparse SCI.

Large-scale FCI calculation therefore provides a particularly 

stringent stress test for the distributed CI-vector architecture 

and the associated MPI communication strategies.



To enable GPU-oriented CI calculations, we also tested a mixed-

precision (FP32) execution mode.

C1, Toward FugakuNEXT

The Hamiltonian matrix-vector multiplication is performed in single 

precision, while other operations in Davidson diagonalization are 

still carried out in double precision. 

This mixed-precision implementation is expected to be important for 

FugakuNEXT. 



C1, FCI Benchmark Systems

System Active space
Molecular 

symmetry

FCI 

dimension

N2 (aug-cc-pVDZ) CAS(10e, 44o) C2v 1.47E11

CN (cc-pVTZ) CAS(9e, 58o) C2v 4.86E11

Cr2 (STO-3G) CAS(24e, 24o) D2h 9.14E11

N2 (cc-pVTZ) CAS(10e, 58o) C2v 2.62E12

We run these FCI calculations using our TBSCI eigensolver. Even the smallest 

system already exceeds the scale of previously reported SCI calculations. 





C1, Strong Scaling Tests



C2, SCI-Derived Bitstrings

Candidate determinants are generated using DICE. 

After normalizing the SCI wavefunction, the weights 

of 𝛼- and 𝛽-bitstrings are evaluated and ranked.

Determinants with estimated amplitudes larger than 

a threshold 𝜗 are selected for diagonalization.

In the present work, we set 𝜗 =10-5.

Important 𝛼- and 𝛽-bitstrings are selected using a 

threshold 𝛿 relative to the corresponding HF 𝛼- 

and 𝛽-bitstrings.

DICE

selected determinants

SCI wavefunction

bitstring weights

important bitstring



C2, N2 (aug-cc-pVDZ)



C2, CN (cc-pVTZ), Cr2 (STO-3G) and N2 (cc-pVTZ)



C2, Distribution of CI Coefficients Ratios |CK/CHF|



𝒟FCI

L𝛼

L𝛽

l𝛼

l𝛽
𝒟TPB

Determinants with the largest FCI coefficients are not randomly 

distributed, but are concentrated within a structured manifold 

induced by a small number of important α- and β-bitstrings.



C2, Cr2 (Ahlrichs SV) and N2 (cc-pVQZ)

System Active space
Molecular 

symmetry

Cr2 (Ahlrichs SV) CAS(48e, 42o) D2h

N2 (cc-pVQZ) CAS(10e, 108o) D2h



C2, Cr2 (Ahlrichs SV) and N2 (cc-pVQZ)

We run these SCI calculations using our TBSCI eigensolver. For both 

systems, the largest SCI calculations exceeds the scale of previously 

reported SCI calculations. 



D. Conclusions and Prospects



Conclusions

Scientific insight:
Near-FCI accuracy with only a tiny fraction of FCI determinants, revealing 

the intrinsic compactness of the TPB representation.

Conceptual foundation:
The TPB structure provides an organizing principle for indexing, traversing, 

and coupling determinants in Hamiltonian application, independent of how 

determinants are selected within the TPB representation.

HPC breakthrough:
A scalable TBSCI eigensolver enables the world’s largest SCI calculations 

on Fugaku.

TBSCI opens a new stage for SCI



Prospects

Further refinement of determinant selection within the TPB 

representation.

Extension of the distributed framework to incorporate second-order 

perturbative corrections (PT2). 

Further improvement of the TBSCI eigensolver to reduce Tdelay at 

larger node counts.

Adaptation of the TBSCI framework to GPU-based supercomputers 

such as FugakuNEXT.







Himadri Pathak Takahito NakajimaWilliam Dawson



Thank you for your attention!
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