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cooperation defection .
cooperation (3,3) (0,5)
defection (5,0) (1,1)
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Five Rules for the Evolution

of Cooperation

Martin A. Nowak
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Iiterated Prisoner’s Dilemma

Social Dilemma : social optimum = individual benefit

player B
cooperation defection
cooperation (3,3) (0,5)
player A
defection (5,0) (1,1)

repeated the interaction => cooperation may be a rational choice.

T—1
| (t)
long-term payoff in the repeated game f@ = lim lim — E Fz
e—=0T—o0 [ —0



well known strategies

Tit_fO r_Ta-t History Next move
C,C C
C,D D
D,C C
D,D D

6 your payoff is no less than the other's

TFT ¢ c ¢ d d
c ¢c d dc
Q fragile against an error
TFT ¢ ¢ c d c
TFT ¢ ¢ d c d
Q It cannot exploit naive cooperator.
TFT ¢ c ¢c ¢ c
AIC ¢ c c ¢ c

C

Win-Stay-Lose-Shift CC

@
@,

0

tolerant against an error
WSLS ¢ ¢ c
WSLS ¢ ¢ d

It can exploit naive cooperator.

WSLS ¢ ¢ d
AIC ¢ ¢ ¢

weak against defectors
WSLS ¢ d c

AID d d d



Zero-Determinant Strategy

Press&Dyson PNAS (2012)

Iterated Prisoner’s Dilemma contains strategies that
dominate any evolutionary opponent

William H. Press®' and Freeman J. Dyson®

*Department of Computer Science and School of Biological Sciences, University of Texas at Austin, Austin, TX 78712; and ®School of Natural Sciences, Inst
for Advanced Study, Princeton, NJ 08540

s <ci5>
extortionate ZD strategy V-

lﬁ It is guaranteed that your payoff is no

less than the co-players'.

Q Cooperation is not maintained. V-
A1,1)

History probability of C
C,C P
C,D q
D,C r
D,D S
9 (33




longer memory strategies

Tit-for-2Tat All-or-Nothing

generalization of WSLS

A Properties of memory-n strategies
. . is mutuall rative (MC
lf] tolerant against an error @ tolerant against an error P Y

e Vs
p-player = D D ..[C][C] C --
Pla)fer2 - D D ...|C||IC| D -
TF2T ccdcec Playerm | = C C D -
K consistent
rounds
TF2T ¢ c ¢c c ¢C

p-player
Q weak against alternating defector Q Fragile against AlID. p-piayer

p—pblayer
TF2T ¢ cc c ¢c

O OO0
O OO0
O OO

defector c d ¢ d c Memory-n strategies of direct reciprocity

Christian Hilbe*'2, Luis A. Martinez-Vaquero®', Krishnendu Chatterjee?, and Martin A. Nowak<9®

Hilbe et al. PNAS(2017)



Hilbe et al., Nat.Hum.Behav. (2018)

nature . REVIEW ARTICLE
human behaV10ur https://doi.org/10.1038/s41562-018-0320-9

Corrected: Publisher Correction

Partners and rivals in direct reciprocity

partners or rivals

@ [~ o N : \

Christian Hilbe ©"?*, Krishnendu Chatterjee? and Martin A. Nowak ©'3

generous TFT GRIM

WSLS TET AllD 2 > Q@

AlIC  TF2T

generous ZD extortionate ZD
N /" /
(b) efficient (c) partners (d) friendly rivals (e) rivals
A A
(S,T) (S,T) ﬁ(S,T) ﬁ(S,T)
R,R) (R,R) (R,R)
= = = =
o o o )
> > > >
© qv) © ©
o o o o
{7 n {7 {7
m m m m
(PP) (PP) (PP)
(T.S) (T.S) (T.S)
> > >
A’s payoff A’s payoff A’s payoff A’s payoff

It would be great if a single strategy works as a partner as well as a rival.

friendly rivals

cooperative Nash equilibrium with a guarantee of never being defeated



TFT-ATFT: a friendly rival strategy

 # of Memory-1 strategies: 16
* => no strategy satisfies the criteria
 # of Memory-2 strategies: 2216 = 65536

* Eight FRs were found.

Table 1

List of moves in TFT-ATFT. This table shows the proposed moves at time ¢t when the state
is given as (A;_A;_1, B;_»B;_1), where A, » and A,_; (B;_, and B,_,) are the focal player's
(the other player's) moves at the last two steps, respectively. The underlined moves are
the same as prescribed by TFT. The states with the dagger symbol are related to the two
players’ simultaneous mistakes (see text).

State Move State Move
(CC,CC) C (DC,CC) C
(CC,CD) D (DC,CD) D
(CC,.DC) C (DC, DCY C
(CC,DD) D (DC,DD) C
(CD,CCO) D (DD,CC) D
(CD, CDY C (DD,CD) C
(CD,DC) C (DD,DC) (&
(CD,DD) D (DD,DD) D

Yi et al., J. Theor. Biol. (2017)

Contents lists available at ScienceDirect - Journal of
Theoretical
. . Biology
Journal of Theoretical Biology -
journal homepage: www.elsevier.com/locate/yjtbi
Combination with anti-tit-for-tat remedies problems of tit-for-tat @ CrossMark

Su Do Yi?, Seung Ki Baek”*, Jung-Kyoo Choi®*

/ cC,cq > CC,CD
DC,DD A ‘ N’

T DD,DC < ———( DD,DD
CC,DD
- e



Games with more than two players?

3-person public goods game
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payoff matrix
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Y. Murase et al., J. Theor. Biol. (2018)
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/76 strategies .

TFT-ATFT does not work.

Rivalry

s >

J

(A —,3—2a ¥ 2—4).(2023, September 27). In Wikipedia. https://

ja.wikipedia.org/wiki/
%E4%B A% AC_(%E3%82%B9%E3%83%BC%E3%83%91%E3%83%BC%E3
9%82%B3%E3%83%B3%E3%83%94%E3%83% A5%E3%83%BC%E3%82%BF)



Enumeration of strategies

# of m=2 strategies

1,099,511,627,776

Impossibility : no friendly rival in memory-2

strategies.
Defensibility against AllD 805,306,368
fensibility . TET
Defensibility > > 9 3,483,008
-
Efficiency > . . @ 0
What about memory-3 strategies? VRS 497323236409786642155382248146820840100456150797
23 347717440463976893159497012533375533056

comparable to the number of protons in the universe

AlID



partially successful strategy

# of m=2 strategies 1,099,511,627,776
Detensibility against AllD 805,306,368
( Defensibility .
Defensibility > > 9 3,483,008
‘ J
“Partial” EffiCieﬂcy (,Ocooperat/on> O) D s @ 544
Distinguishability ° > 256

“Partially” friendly rival strategies
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An example of friendly rival strategies.

Table 4
One of successful memory-3 strategies. We have picked up the strategy having the
largest number of c. The left column shows the state of Bob and Charlie, whereas

2 5 6 Alice’s state is shown on the right.

> B: 3Bt 2B 1G 3G oGy At 3Ar-2Ar

2 288 ccc  ccd

a
Qu
a
a
Qu
Qu

dcc dcd ddc ddd

cccecc
ccceed[cedecc
cccedc/cdeccc
cccedd[cddccc
AlID ccedec/dccccc
TFT cccded[dedccc
cccddc/ddcccc
cceddd/dddccc
ccdecd
ccdedc/cdcccd
ccdedd[cddced
ccddcc/dccecd
ccddced[dcdced
ccdddc/ddcced
ccdddd/dddccd

Friendly rival strategies are found. cdecde

. ' . _— cdcedd/cddcdc
Mutual cooperation is reached with probabillity 1 cdedee/deccde
cdcdcd/dcdcdc
. . thili " " " o cdcddc/ddccdc
while keeping the detensibility and the distinguishability. Cacddaldddede
cddcdd
cdddcc/dccedd
cdddcd|dcdcdd
cddddc/ddccdd
cddddd|/dddcdd
dccdcc
dccdcd/dcddcc
dccddc/ddcdcc
dccddd/ddddcc
dcddcd
dcdddc/ddcdcd
dcdddd|/ddddcd
ddcddc
ddcddd|/dddddc
dddddd

Efficiency Defensibility

o
.". efficient strategies rival strategies : >

O 0O 0O Q A O QA O O Q O O Q QA O 6 6 Q. O 6O O Q QA O 6 Q. O 6 Q. 6 6 Q QA O 0O Q
QA QA A AQA QAN O AN A QA QA A SO QA O A A O QA n O QA n n
QA AN A A QAT AN A A QA QAQA O AN AN A QA QA QA QA QA QA AN QAN QA n
QA QA QA O O QA A O O A QA QA QA QA QA A AAS QA O O O QO 6O QA n O QAN n
O 0O 0O Q A O QA O O Q O O Q QA O 6 6 Q. O O O Q QA O O Q QA O Q. O 6 Q QA O 0O Q,
QA QA A AQA QAN O AaAQ A QA QAQA A A QA O A QA QA QAN O QA QA N 0

QA A O AQA QA QA O A N A QA QA QA QA QA O A O A O A QA QA QA A O A A S A O A A O
QA QAN O a AN O aAaQA A AL A A QA O QO 6O QQan O QA nn




Interpretation of m=3 successful strategies

Table 4

One of successful memory-3 strategies. We have picked up the strategy having the
largest number of c. The left column shows the state of Bob and Charlie, whereas
Alice’s state is shown on the right.

Y. Murase et al., Sci.Rep. (2020)

Bi 3B 2B 1G 3G _2Ceq

A 3Ar 2A

an intuitive interpretation is lacking

ccc

ccd

(=)
Qu
a

cdd

dcc

dcd

ddc

ddd

ceeecc
cccced/ccdecc
cccedc/cdcccc
cccedd[cddccc
ccedec/dccccc
cccded|dedccc
cccdde/ddcccc
cccddd/dddccc
ccdeed
ccdcedc/cdceced
ccdedd|cddced
ccddcc/dccced
ccddced|dcdccd
ccdddc/ddcced
ccdddd/dddccd
cdccdc
cdccdd[cddcdc
cdcdcc/dcccdc
cdcdcd|dcdcdc
cdcddc/ddccdc
cdcddd/dddcdc
cddcdd
cdddcc/dccedd
cdddcd/dcdcdd
cddddc/ddccdd
cddddd|dddcdd
dccdcc
dccdcd|dcddcc
dccddc/ddcdcc
dccddd/ddddcc
dcddcd
dcdddc/ddcdcd
dcdddd|ddddcd
ddcddc
ddcddd|dddddc
dddddd

A A aAaQAaQAN AT A AQAAAT AT AN AAQAQAQAQAN QAN QAN QAN QAN

AQAaQaAan T aAaQAN O aAaQAAQAQAAT A AAN O QA O QAAaAn O QAN N

Ao Qg a o anN o QA a QA N O QO 00 Q A0 QAN 0 Q00 QAN 0 Q

QAAaQaAan aAaQAaT O AN aAaQAaQ AT cTQAQAAanS A AN O QAN o QAN N

AAac aQaAaQan A aQAQAaQAc AT AN AQAAQAQAQAQAQAAS QAN QAN QAN

AQAaQaAan o aQAan o aAaQAAQAQAaYT AN A O QA QAN o QAN n

[ I e T o B = W = W o T = o B o B = W o I o B = W T I S T T = T o B T o B = T = T D T = W = W B = T o I T = T = T o I T =

4
o\

. . cooperation
e action table
C C

History Next move cd
e
cd -
CC
cc I dc

D,C dd

dc cd dd
bb ‘Ec d

defection

=

C.D

AAQAAQAND AQAAN O AQAAQAAAQAAD AQAAQAAN QAN AN QAN O QAN N

Core idea: Deterministic Finite Automaton minimization

convert a strategy defined by an action table into the equivalent automaton having minimum number of states



i.R 2020
OZeeof successful memory-3 strategies. We have picked up the strategy having the Yo IVI u ra Se et a | °y S CI ° e p ° (

largest number of c. The left column shows the state of Bob and Charlie, whereas
Alice’s state is shown on the right.

Bt 3Bt 2B 1G 3G 2C1 Ar3Ar2Aia

cdd

5
8
[~%
o
Qo
QU
oo
o

ddd

o
aQu
(o}

ccc  ccd

cceecce
ccceed[ccdece
cccedc/cdcecce
cccedd|cddccc
ccedec/dcccce
cccded|dedccc
cccddc/ddcccc
cceddd|dddcce
ccdeed
ccdedc/cdcced
ccdedd/cddccd
ccddcc/dccced
ccdded|dcdecd
ccdddc/ddcced
ccdddd/dddccd
cdcedc
cdcedd|cddcdc
cdcdcc/dcccdc
cdcdcd|dcdcdc
cdcddc/ddccdc
cdcddd|dddcdc
cddcdd
cdddcc/dcccdd
cdddcd|dcdcdd
cddddc/ddccdd
cddddd|dddcdd
dccdcc
dccded|dcddcc
dccddc/ddcdcc
dccddd|ddddcc
dcddcd
dcdddc/ddcdcd
dcdddd|ddddcd
ddcddc
ddcddd|dddddc
dddddd

ccc,ccd ccce,cd

anaoaaggaAanan oo QA Q oo qQ AN aQn Q00 QAN Q
AAAQAAN AQAN N AN AQARAAN O AQAN AN AN NN QAN N QAN N
QA aQmAaQAT AN A A AR AT AN AaQAAQARAAN AN AN QN
AAAAN O QAN N AQAAAQAARAND AR AN OO QAN O QAAn O QAN O
anaoaaggansan oo QAo A QAN QAN QAN Q
AAQAAQAAN AQAAN N AQAQAAQAN AQAQAAN QAN AN QAQAQAN QAN N

AAac aQmAaacT AT A A AR AT AN AR AaAnN AN AN QAN QN
QAaQaAan s aAan A AaQAaQAaAans QA AN Qs QA QAN n

ddc [/dcd,ddd

d UJCQ
cdc ccd,cdc,
cdd RN
64 ‘
dee CCC
ddc,ddd dco

ddc 76 J*—3qc dcd " 67 dcd

ddc




memory length vs the number of players

Y. Murase et al., J. Theor. Biol. (2018)

n=2: TFT-ATFT (m=2)
n=3 : memory-3 friendly rival strategies

-
e
@) kel
C
[©
for general n (>=3), we show E\ 5 e 9995\9\,
O heore’&'\Q»a\*\’Q o
RESE
> - e
Tl T | FUsS
E— C 2] STFT-ATFT | |
2 3 4 5

There is a critical memory length above which

friendly rivals may exist. # Of p I aye 'S



Y. Murase et al., Sci. Rep. (2020)

two-player memory-three strategies

22m m=1:0/256
m=2 : 4 / 65,536

(00)

# of memory-m strategies: 2

memory length

:. / , , , , , , 2 N \Wev,pym
‘ a\foffff
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checking rivalry

( )
Rival

> 8

~

J

e.g. TFT strategy in 2-person game

existence of a negative cycle in the state transition graph

Y. Murase et al., J. Theor. Bio. (2018)

It is guaranteed that the long-term payoff is no less

than any of co-players' payoff.

e.g. WSLS strategy in 2-person game

Floyd-Warshall algorithm

0

C,C

d,c

+1
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Y. Murase et al., Sci. Rep. (2020)

two-player memory-three strategies

52m M=1:0/256 =
# of memory-m strategies: 2 m=2 : 4 / 65,536 ic)
m=3 : ?/18,446,744,073,709,551,616  2>s o
O etsd S
S Ik ass
C 2[ ®TET-ATFT | |
2 3 4 5
1 o_f players

" R

4 4

xnm K compuitr ‘
- F rFr = .

We found
4.261,844.,305,281

friendly rival strategies.




most of the strategies are not
easy to interpret




Y. Murase et al., Sci. Rep. (2020)

CAPRI: a simple friendly rival ... . . .%o ..

ccc le 34 d d ¢ d d d
ced 2¢ d 3¢ d d d d d
cdc d % d d 3 d d d
. . dd d d d d d d d d
memory-3 strategy described by the five rules Jee o g 2 g 4. g 4. g
dcd d d d d d d d d
ddc d d d d 4c d 4c 4c
ddd d d d d d d 4c d
C CAPRI ¢ ¢ ¢ c ¢ c
ooperate at mutual cooperation. CAPRl ¢ ¢ ¢ ¢ ¢ ¢
f\conduct punishment
ccept punishment when you made a mistake.
CAPRI ¢ ¢ ¢ d c c
CAPRI ¢ ¢ d c¢c c c
l unish co-player and then forgive him. \_accept ounishment

CAPRIl d d d ¢ ¢ c
ecover cooperation When someone cooperated.

CAPRI d d d d d d
n all the other cases, defect.



Y. Murase et al. Plos.Comp.Biol. (2021)

CAPRI-n: generalization to n-players game

C ooperate at mutual cooperation

Accept punishment when relative payoff is highest

Punish co-player when relative payoff is lower

l a ecover cooperation when the others cooperated

I n all the other cases, defect.

P —t—1 t—m<tr<t—1 t* <t—m
AND AND
Ng<n Ng<n

when all co-
players
cooperated
at mutual
defection

(relative payoff) = 0
gainst all co-players

(relative payoff) < 0
P against a co-player

>

Ng>n ap t°">t—m



# of players vs memory length

Y. Murase et al. Plos.Comp.Biol. (2021)

relationship between memory length m and the number of players n

Y. Murase et al. Sci.Rep. (2020)
S.D.Yi et al. J. Theor. Biol. (2017)

memory length

o0

Ul

N

R
CAPRI-n.-~
/,/ ‘ \O”,a’
el xheO@’&‘Q’a\’ i
G < AT
CAPRI_---AF|ss

”
-
’f
-

2

3 4
# of players

m = 2n — 1
Y. Murase et al. Plos.Comp.Biol. (2021)

Y. Murase et al. J. Theor. Biol. (2018)

m > n



Do friendly rivals evolve?

well-mixed population of N individuals
updated by imitation process

O O
1 O

1 +exp|o(sx—sy)]

fx—)y —

A mutant with a random strategy occasionally appears

simulation with reactive memory-1 species

O 1.0y *.. Rival larger N, b/c = partners
O 0.8 \\'\Blva Partner || smaller N, b/c = rivals
C \\\ Y
(O 06 \\\ ’,r"
O \\(’.
C 0.4¢ e N
> o’ - .\t\
-2 0'2 - ,»‘// .‘\.\*‘-o

0.0t ° . . .

1 2 3 4 Hilbe et al., Nat. Hum.Behav. (2018)

Benefit-to-cost ratio

Y. Murase et al., Sci. Rep. (2020)
Y. Murase et al., Plos Comp. Biol. (2023)

friendly rivals are evolutionarily robust
forany N, b/c, and o.

1

p for any mutant

N

simulation with reactive memory-1 species and CAPRI

10 o-—-0--0-——0 -0 -—0——0--0--0-—0--0--0
),
O 0.8} CAPRI
-
(O 0.6}
S
C 0.4}
>S
Q 0.2}
< Partner Rival
0.0' ’.:Eﬁ__ﬁ”’?" -0--0--0--0---0---0--0
1 2 3 4

Benefit-to-cost ratio



(a) number of strategies

(b) efficient strategies

240

3
12

2
TF2T

m2

’
TFT
0] aic
AlID
1.0 ,-1
0.8
sost|
H [
7 :
& 0.4t

O
N

| ) -
£ i X '!l'.l‘ll |
‘ I. ‘

—e— non-FR efficient
~—e— non-FR rival

—— FR

|
) o |"‘|
B b 'I || .
LN TR Tl 5L

| o
T 0.0 a=s——ss—g—5a3 =51
10 10 10 10 10 10
relative mutation probability, r

time (x108)

65040 4x10° 2x101°
CAPRI. 3| 9.6% 80% 7.0% 7.4%
AONS3
228 65040 4x10°
TET-ATET. 2| 83% 11% 12% 7.0%
AON2
228 65040
1 0% 20% 13% 9.5%
12 240
0] 50% 0% 17% 13%
2 3 0 1 2 3
mi

(c) rival strategies

17% 5.4% 0.67% 0.01%

33% 14% 3.2% 0.25%
50% 20% 15% 1.5%
50% 0% 8.3% 5.8%
0 1 2 3
mi

' 3.0
lifi

9

memory length
=
U

Y. Murase et al., Plos Comp. Biol. (2023)

(d) friendly rival strategies

3| 0% 0.011% 0.005% 4x105%
>10%
ol 0% 0% 0.012% 2x104% 1-10%
0-1%
1 0% 0% 0% 0% 0%

0] 0% 0% 0% 0%

0 1 2 3
mi

FR players remember the co-player’s history
better than his or her own.



Conclusion

(00)

 We found friendly rival strategies in iterated Prisoner’s dilemma and public-goods games.

 There is a critical memory lengths (strategic complexity) above which a fundamentally new class
of strategies appear.

”

-
-
/’
-

-
-
-
-

memory length
U1

 Among them, we found CAPRI that is described by five simple rules. It has a number of desirable

. 2| STFT-ATFT ,
properties. 2 3 4
» cooperation is robust against error (partner) # of players
* never allows any co-player to outperform you (rivairy) .

 evolutionary robust for any environmental conditions Q

cooperation Q

* exploit a broad range of strategies (AlIC, WSLS), which prevents neutral drift

* |s a deterministic strategy whose actions are independent of the values of benefit or cost of

the game

* not only for PD but for the stag-hunt game and the snow-drift game &
e« 2R>T+S, T>Y9)

[\
ge

 generalizable to n-players public goods game
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