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ナノ ( 10-9 )
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https://www.milive-plus.net/



ナノおよび近隣スケールにおけるシミュレーション

3
出典：産総研・機能材料コンピュテーショナルデザイン研究センターのホームページから引用



原子と物質
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電子
（負電荷）

原子核
（正電荷）



量子力学の第一原理

• P. A. M. Dirac（1929）
「物理の大部分と化学の全体を数学的に取り扱うために必要な基本的
法則は完全にわかっている。これらの法則を適用すると複雑すぎて解く
ことのできない方程式に行き着いてしまうことだけが困難なのである」

• まともに解けるのはO(10)電子くらい？
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多原子系のシュレーディンガー方程式

3N次元の固有値問題



ナノサイエンスにおける大規模第一原理計算

0.1 nm

CMOS 
gate length = 5 nm

FET with CNT

Cytochrome c Oxidase 

1 nm 10 nm sub µm

100 atoms

10,000 atoms

100,000 atomsTheory Experiment

Ø Materials = Nuclei + Electrons (Quantum Objects)
Ø Density Functional Theory (DFT) = Efficient framework based on 

first-principles of quantum theory, 
but limited to N =100〜1000 atoms 

Large-scale DFT calculations and experiments meet together in Nano World !

Challenge: 10,000 ～ 100,000-atom calculations 
to reveal nano-scale world!



Planar transistor Surrounding-gate
transistor

シリコンナノワイヤトランジスタ

Power consumption by off-leak
current substantially increases
as scaling down of planer FET

tri-gate transistor
Intel Ivy Bridge (2011)

Gate controllability 
→ suppress leaks at off state 

→ reduce power consumption

Silicon Nanowire is
the most promising 
channel material 

for SGFET

Number of atoms
in SiNW channels 

10,000  - 100,000 atoms !



量子力学的シミュレーションの必要性

• 化学反応

• 電子そのものを利用するデバイス（電気・磁
気・光）

–微細化に伴って、より顕著に量子効果が発現

• 原子レベルの構造・欠陥（材料特性への影響
）
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量子力学的第一原理シミュレーションの必要性

• 経験的パラメータが必要ない
–基礎物理定数および、原子数、元素数、電子数
–未知な物質、物性の予測

• 経験的パラメータの決定

• 多種多様な（周期律表の全ての）元素の組み
合わせ

–産業的な研究開発
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量子論的シミュレーションの方法

• モデルの導入
– Hubbardモデル

• 経験的パラメータを導入する近似
–強束縛近似
–半古典論

• 第一原理
– ab initio（シュレーディンガー方程式をなるべく精密に解く）
–密度汎関数法（全く違う形の問題に変える）
– O(N) ab initio
– O(N)密度汎関数法
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密度汎関数理論

P. Hohenberg and W. Kohn (1964)
W. Kohn and L. J. Sham (1965)

Nobel Prize in Chemistry
(W. Kohn, 1998)



基底状態（最小固有値状態）のエネルギーと電子密度

HΦ0 (r1,r2,!,rN ) = E0Φ0 (r1,r2,!,rN )

ρ0 (r) ≡ N dr2drN∫ Φ0 (r,r2,,rN )
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Hohenberg-Kohnの定理

HΦ0 (r1,r2,!,rN ) = E0Φ0 (r1,r2,!,rN )

2
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H = T +U +Vext ʹH = T +U + ʹVext

H ʹΦ0 (r1,r2,!,rN ) = E0 ʹΦ0 (r1,r2,!,rN )
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外場と密度は

1対1に対応
vextが違えばρ0も違い、ρ0が違えばvextは違う

P. Hohenberg and W. Kohn
Phys. Rev. 136 (1964) B864.

相互作用や外場の形については何も言ってないので、電子系以外の任意の量子力学系でも成立



Hohenberg-Kohnの定理2
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E[ρ0 ]= E0

E[ρ]

基底状態のエネルギー
（シュレーディンガー方程式の最小固有値）

最小化

という電子密度の汎関数を考える事ができて、

のように、密度に関する最小化問題として、量子論的な第一原理計算が
実現できる（ただし基底状態のみ）

P. Hohenberg and W. Kohn
Phys. Rev. 136 (1964) B864.



Kohn-Sham法のアイデア
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W. Kohn and L. J. Sham
Phys. Rev. 140 (1965) A1133.

H = T +U +Vext ρ0 (r)

HKS = T +Vext
KS

相互作用のない仮想的な系でも、外場を調節すれば、ρ0を出す系を作れるのではないか？

ρ0 (r) (HK定理を相互作用のない系に適用）



相互作用のない系は計算がラク
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密度汎関数理論の多分野での応用

• 原子核物理
–量子系（陽子＆中性子）

• 古典統計力学
–自由エネルギーを粒子密度の汎関数として書く
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解くべき問題が簡単になる代わりに、良い汎関数の準備が必要になる



Kohn-Sham理論と汎関数形

実際に計算するための理論



エネルギー汎関数の具体形
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系の全エネルギー（密度の汎関数）

P. Hohenberg and W. Kohn, Phys. Rev. 136 (1964) B864.
W. Kohn and L. J. Sham, Phys. Rev. 140 (1965) A1133.

局所密度近似（LDA）： J. P. Perdew and A. Zunger, Phys. Rev. B23 (1981) 5048.
一般化勾配近似（GGA）： J. P. Perdew, K. Burk, and, Y. Ernzerhof, Phys. Rev. Lett. 77 (1996) 3865.

電子密度（N電子系）

運動エネルギー

電子-イオン（原子核）間相互作用

電子間クーロン相互作用

交換-相関エネルギー （上記３項で記述できない効果を全て押し込んだもの）

（1998年W. Kohn ノーベル化学賞）

交換-相関エネルギー項に対する近似関数形

（この形で書ける密度に制限）



密度汎関数理論まとめ②
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エネルギー最小化

constraint

系の最安定状態（基底状態）

変分方程式：Kohn-Sham方程式

電子密度

ポテンシャル

W. Kohn and L. J. Sham, Phys. Rev. 140 (1965) A1133.

– 汎関数最小化⇔ Kohn-Sham方程式を解く （等価）
– 固有値の小さい方から N 個の固有対を求める
– 非線形固有値問題（行列が固有ベクトルに依存）

– 3N次元の問題(Schrödinger) → 3次元の問題×N個(DFT)



密度汎関数法における近似の精度

M. T. Yin and M. L. Cohen
Phys. Rev. B26, 5668 (1982).

Si結晶
•ダイヤモンド構造が最安定
•体積を小さくする(圧縮する)と
別の構造(β-スズ構造)の方が安定になる
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局所密度近似(LDA)による交換汎関数

DFT計算 実験値

格子定数(Å) 5.37 5.41

体積弾性率(Mb) 0.977 0.988

Si（ダイヤモンド構造）
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単純な近似で

高い定量性

LDAで良く記述できない物性も多々ある
→新しい汎関数
→強相関電子系（計算物質科学の一大分野）



DFTまとめ

• 相互作用の無い仮想系を経由して、相互作用のある真の系
の基底状態のエネルギーと電子密度を求める

• 厳密な交換-相関汎関数の形が分かれば、真の基底状態エ
ネルギー、電子密度が得られる。

• 実際にはLDA,GGA等の近似を行うが、その単純さに比して
非常に定量性がある。

• 最近は基底状態だけでなく、励起状態やダイナミクスもDFT
の枠組みで扱える（時間依存DFT）



RSDFT

超並列計算機向け第一原理電子状態計
算プログラム
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Kohn-Sham equation

Electron density

Self-consistent
iteration

Plane waves   - standard basis set -

高速フーリエ変換（FFT）を頻繁に使用する！

→ 行列の固有値問題

有名な第一原理コードの多く（VASP, QUANTUM ESPRESSO, ABINIT等）はPW法



平面波基底関数展開 with FFT

FFT FFT

Fast Fourier Transform

Reciprocal-space Real-space Reciprocal
space

Plane-wave expansion：

Kohn-Sham eq.：
Matrix
representation

→ ハミルトニアン演算毎にFFTが必要
→ しかしFFTは並列化に不利（全対全通信が発生）
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Total Compute Node (CPU)   : 88,128
Total CPU Core : 705,024
Total Peak Performance         : 11.28 PFLOPS 
Total Memory : 1.34 PiB

超並列第一原理電子状態計算



Real-Space finite-difference pseudopotential method
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Kohn-Sham equation is solved in discretized space

Ø Integrals → summation over grid points

Ø Ionic potentials → Pseudopotentials ionvr
ˆ1

¾®¾-

J. R. Chelikowsky et al., Phys. Rev. B50, 11355 (1994). 
J.-I. Iwata et al., J. Comp. Phys. 229, 2339 (2010). 
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Real-Space Method

Real Space Grids CPU Space

CPU0

CPU8CPU7CPU6

CPU5CPU4CPU3

CPU2CPU1

u MPI ( Message-Passing Interface ) library
MPI_ISEND, MPI_IRECV → finite-difference calc.
MPI_ALLREDUCE → global summation

u OpenMP
Further grid parallelization (within each node)
is performed by multi-thread parallel

「京」＝１ノード１CPU(8コア)

J. R. Chelikowsky et al., Phys. Rev. B50, 11355 (1994). 
J.-I. Iwata et al., J. Comp. Phys. 229, 2339 (2010). 



Orbital parallel（band, k, spin parallel）
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orbital group 1

orbital group 2

CPU0 CPU1 CPU2 CPU3 CPU4 CPU5 CPU6 CPU7 CPU8
CPU0 CPU1 CPU2

CPU3 CPU4 CPU5

CPU6 CPU7 CPU8

Ø Ngrid is divided by 9 CPUs
Ø Each CPU handles all orbitals 

Ø Ngrid is divided by 3 CPUs
Ø Each CPU handles 1/3 of orbitals 

MPI_COMM_WORLD

NEW_COMM_1

NEW_COMM_2

NEW_COMM 3

Grid parallel Grid & Orbital parallel



( CG ) Conjugate-Gradient method 

( GS ) Ortho-normalization by Gram-Schmidt method

( SD ) Subspace Diagonalization 

Density and potential update 

1

3

2

4

Flow chart of the self-consistent procedure
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within a small dimensional spaceDiagonalize

spanned by

Subspace-iteration method for large-sparse eigenvalue problem)

O(N2)

O(N3)

O(N3)

O(N)

格子点数（10万〜1000万点）の次元の行列の固有ベクトルを
下から電子数（1千〜10万）本分求める

N：原子数



Almost all O(N3) computations
can be performed with Level 3 BLAS
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Recursive algorithmGram-Schmidt procedure

Time (sec.) GFLOPS/node

Old algorithm 661 0.7

New algorithm 111 4.3

O(N3) bottle necks of DFT calculations can be performed
with 80~90% of the theoretical peak performance !

Si4096, computational time and performance （PACS-CS 256 CPUs）

Theoretical peak : 5.6GFLOPS/node



「京」でのベンチマークと応用例



• Si nanowire with 107,292 atoms
# of Grid points ： 576 x 576 x 192

= 63,700,992

# of Orbitals ： 229,824

• Total number of parallel processes ： 55,296

18,432 ( grid parallel )  x 3 ( orbital parallel )

• Total peak performance :     7.07 PFLOPS
55,296 nodes ( 442,368 cores )

6 nm

20 nm

100,000-atom test @「京」



• Time for a step of SCF iteration is 5500 sec.

• Sustained performance is 3.08 PFLOPS /SCF.

• 43.6 % efficiency to the peak performance. 
• Communication cost is 19.0% of all execution times.

Performance of a step of iteration

Execution time (sec.) PFLOPS Efficiency (%)

SCF (total) 5456 3.08 43.6

Conjugate-Gradient 
O(N2)

209 0.05 0.74

Gram-Schmidt O(N3) 1537 4.37 61.9

Subspace
diagonalization O(N3)

3710 2.72 38.5



「京」＋RSDFT
2011年度ゴードンベル賞最高性能賞



full-node test @K

SCF CG
O(N2)

GS
O(N3)

SD
O(N3)

SD
(mate)

SD 
(Eigen)

SD

(rotation
)

time (s) 2931 160 946 1797 525 493 779

PFLOPS 5.48 0.06 6.70 5.32 6.15 0.01 8.14

peak% 51.67 0.60 63.10 50.17 57.93 1.03 76.70

system :  Si nanowire ( 107,292 atoms )
grid       : 576 x 576 x 180 = 59,719,680
band     : 230,400

nodes: 82,944 ( 10.6 PFLOPS peak )
cores : 663,552

Elapsed time for 1 step of SCF iteration

Y. Hasegawa et al., J. High Perform. Comp. Appl. 28, 335 (2014)



LDA
(21,952	atoms)

LDA
(10,648	atoms)

LDA
(2	atoms)

Expt.

Lattice	constant 5.39Å 5.39Å 5.39Å 5.43Å

LDA = Local Density Approximation (exchange-correlation functional)

10648-atom cell of Si crystal and its electron density Volume of Si crystal 
vs. Total Energy
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twisted bilayer graphene
K. Uchida et al.,Phys. Rev. B (2014)
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FIG. 4: (color online) Fermi velocity normalized to that of
SLG v0F, as a function of θ: the velocities in the optimized
structures (vF); those for the flat structures with the inter-
layer distances of 3.61 Å (vfarF ) and 3.34 Å (vnearF ). Black
circles are experimental data8.

 (a) θ=29.4° 

 θ=0.99°(b)

FIG. 5: (color online) The squared Kohn-Sham orbitals at
EF, summed over four-fold degenerate states. The θ is (a)
29.4◦ and (b) 0.99◦. The AA and AB in (b) depict the local
AA and AB stacking regions, respectively.

timization is imperative to assess the amount of the vF
reduction quantitatively. Yet the existence of the critical
twist angle θe is common to all cases.
The reason for the reduction of vF and then the emer-

gence of the flat bands is ascribed to the electron local-
ization due to the Moiré pattern. Figure 5 shows Kohn-

Sham orbitals at EF for two representative tBLGs. For
θ = 29.4◦, the Kohn-Sham orbitals are characterized by
π orbitals extending over the whole region [Fig. 5 (a)].
However, when θ becomes as small as 0.99◦ [Fig. 5 (b)],
the Moiré pattern becomes prominent and the Kohn-
Sham orbitals at EF are localized in the AA stacking
region. The localization is also found for other states,
though the region and amount of the localization depends
on band index and k point. The Moiré pattern which be-
comes prominent for small θ induces inhomogeneity. The
electron wave senses the inhomogeneity, and finally the
Kohn-Sham orbitals are localized.
The reduction in vF is not monotonic, however. As

shown in the inset of Fig. 4, vF vanishes at θM ∼ 1.08◦

and then slightly increases for the smaller θ. There is
a magic angle θM at which vF vanishes. This behav-
ior is consistent with previous arguments by a contin-
uum model20 and a tight-binding calculation30. Yet, the
present value differs from those by the empirical methods:
1.05◦20 and 1.13◦30. We have unequivocally shown the
existence of the magic angle in real geometry optimized
tBLGs.
The existence of the critical angle θe in Fig. 4 is a man-

ifestation of the sensitivity to the Moiré pattern of the
electron wave at EF. The critical angle θe ∼ 5◦ corre-
sponds to the Moiré period L ∼ 20d. This assures the
extent of the AA-stacking region being ∼ 6.6a0 (see Ap-
pendix C). This size is necessary to make the electron
at EF sense the Moiré. When the interlayer interaction
becomes stronger as in vnearF , the critical angle θe is un-
changed though the vF reduction is enhanced, supporting
our argument that the Moiré pattern with the critical size
of the AA stacking region is essential. It is intriguing that
the critical angle for the electron localization θe (∼ 5◦)
is a half of the critical angle for the structural corruga-
tion θa (∼ 10◦) already discussed [Fig. 1 (d)]: The den-
sity of all valence electrons, which plays a decisive role in
the structural corrugation, senses the Moiré pattern with
larger twist angle (smaller AA stacking region). This may
be a reflection of general statement that the density ma-
trix represented in real space is more localized than the
electron orbital of each state31.

IV. CONCLUSION

In summary, we have performed unprecedentedly
large-scale density-functional calculations in our real-
space scheme for tBLGs. We have shown that the
graphene layers in tBLG are essentially decoupled for
the twist angle θ ∼ 30◦, and are strongly coupled to each
other for θ close to 0◦ and 60◦. Two regimes are separated
by the critical angle θa (∼ 10◦, 50◦) for atomic structures
and θe (∼ 5◦, 55◦) for electron states. The small twist
from the AA or AB stacking BLG causes atomic corru-
gation of the layers and also the drastic reduction in the
Fermi velocity vF, eventually leading to the emergence of
the half-filled flat bands at the Fermi level with θ ∼ 1◦.
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magic angle in nanofacets on sic(0001) vicinal 
surface

and the lower terraces. In the
ffiffiffi
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ffiffiffi
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reconstruction, we

find the bright and dark pattern which is different from that
in 1! 1 reconstruction [Fig. 2(c)]. The bright spots near the
step edge are clearly shifted to the lower terrace side, and
also the position of the bright stripes on the terrace is differ-
ent from that in the 1! 1 reconstruction. This is a conse-
quence that the bright spots in the

ffiffiffi
3

p
!

ffiffiffi
3

p
reconstruction

comes from the Si adatoms.
Our calculations above have clarified that the SB step is

most abundant. Then we now explore a possibility of its
bunching which leads to the nanofacet. Following the
observed morphology of the nanofacet,22,23 we have con-
structed the ð11!2nÞ facet (n¼ 32, 24, 16, 12, 8, 4) consisting
of the SB steps on the vicinal surface with h¼ 5.98 (968 atoms
in a cell of the slab model). The facet angles of these six nano-
facets are u¼ 5.9, 7.8, 11.6, 15.3, 22.3, and 39.28, respec-
tively. We have performed the geometry optimization and
obtained the stable structures for each nanofacet. The total
energies of thus obtained nanofacets are plotted as a function
of the facet angle in Fig. 3. We have found that there is a par-
ticular facet angle of u0 ¼ 15% which makes the total energy
minimum, indicating the existence of the magic facet angle
[Fig. 4(a)]. The calculated value u0 ¼ 15% agrees with the
experimental observation.22,23

A rival structure is the equally spaced SB steps (ESS) as
shown in Fig. 4(b). The calculated total energy of the ESS
structure after the geometry optimization is also shown in
Fig. 3. It is found that the most stable ð11!2nÞ (n¼ 12)

nanofacet is lower in energy by 0.45 eV per unit cell than the
ESS structure. This indicates that the nanofacet is self-
organized through the bunching of the SB steps.

The sequence of the biatomic layers along the (0001)
direction in 4H-SiC is quad-periodicity and is labeled as
ABCB. On the terrace of the nanofacet shown in Fig. 4(a),
the bilayer sequence is ABCB from the top surface. There is
another possibility that the bilayer sequence is BCBA from
the top. We have then performed the geometry optimization
for the nanofacet with the BCBA sequence. The calculated
total energy is higher than those of the ABCB nanofacet by
0.71 eV/cell and even of the ESS structure by 0.26 eV/cell.

This elucidates the importance of the surface energy of
the terrace. In 4H-SiC polytype, the surfaces with the A plane
(or equivalently the C plane) being the top and with the B
plane top are inequivalent since the sequences of the atomic
planes near the surfaces are different: ABCB & & & or BCBA & & &.
The former is called the cubic (cub) surface since the
sequence near the top surface is locally same with that in the
cubic polytype 3C whereas the latter is called the hexagonal
(hex) surface. Consequently, the surface energies, chex and
ccub, are different for the two surfaces. Our LDA calculations
show that chex is larger than ccub by 0.12 eV per 1! 1 hexago-
nal lateral cell, indicative of the stable cubic surface.44,45 This
difference is mainly due to the partial electron transfer from
Si to C atoms in SiC. We have indeed computed the electro-
static energies of the cubic surface and the hexagonal surface
by using a simple gaussian charge model and found that the
cubic surface is lower in energy than the hexagonal surface:
The lowering in the energy of 0.12 eV is reproduced when we
adopt the value of the electron transfer d being 0.62. This
value of the electron transfer is comparable with value of the
charge asymmetry evaluated in the 3C-SiC (0.475).46

It is therefore deduced that the terrace in the ð11!2nÞ
nanofacet structures tends to be the cubic surface. To make
the cubic surface appear on the terrace, the height of the
nanofacet inevitably becomes an integer or a half-integer of
the unit-cell height. This is the reason for the observed quan-
tization of the nanofacet height.20,22–25

Only the preference of the cubic surface is incapable of
explaining the magic facet angle. The counter factor is the
repulsive interaction between two SB steps. Suppose gðlÞ
being the energy per unit length a0 between the two SB steps
separated by l. Counting the surface energies of the terraces
and the repulsive energies between the steps, we then obtain
the energy per a0 of the nanofacet with the facet angle u on
the (0001) surface with the vicinal angle h as

FIG. 3. Total energy of the ð11!2nÞ nanofacet formed on the 4H-SiC (0001)
vicinal surface as a function of the facet angle. The energies are relative to
that of the most stable nanofacet with the facet angle u0 ¼ 15:3% ðn ¼ 12Þ.
The total energy of the geometry optimized equally spaced ESS which cor-
responds to the facet angle of 5.98 is also shown.

FIG. 4. Side views of the most stable
ð11!2nÞ ðn ¼ 12Þ nanofacet with the
facet angle of 15.38 (a) and of the
equally spaced ESS (b) on the 4H-SiC
(0001) vicinal surface. The lateral peri-
odicity on the terrace is 1! 1, and the
views are from the ½1!100( direction.
The sequence of the biatomic layers is
ABCB (see text) from the top.
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obtained the stable structures for each nanofacet. The total
energies of thus obtained nanofacets are plotted as a function
of the facet angle in Fig. 3. We have found that there is a par-
ticular facet angle of u0 ¼ 15% which makes the total energy
minimum, indicating the existence of the magic facet angle
[Fig. 4(a)]. The calculated value u0 ¼ 15% agrees with the
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another possibility that the bilayer sequence is BCBA from
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for the nanofacet with the BCBA sequence. The calculated
total energy is higher than those of the ABCB nanofacet by
0.71 eV/cell and even of the ESS structure by 0.26 eV/cell.
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(or equivalently the C plane) being the top and with the B
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The former is called the cubic (cub) surface since the
sequence near the top surface is locally same with that in the
cubic polytype 3C whereas the latter is called the hexagonal
(hex) surface. Consequently, the surface energies, chex and
ccub, are different for the two surfaces. Our LDA calculations
show that chex is larger than ccub by 0.12 eV per 1! 1 hexago-
nal lateral cell, indicative of the stable cubic surface.44,45 This
difference is mainly due to the partial electron transfer from
Si to C atoms in SiC. We have indeed computed the electro-
static energies of the cubic surface and the hexagonal surface
by using a simple gaussian charge model and found that the
cubic surface is lower in energy than the hexagonal surface:
The lowering in the energy of 0.12 eV is reproduced when we
adopt the value of the electron transfer d being 0.62. This
value of the electron transfer is comparable with value of the
charge asymmetry evaluated in the 3C-SiC (0.475).46

It is therefore deduced that the terrace in the ð11!2nÞ
nanofacet structures tends to be the cubic surface. To make
the cubic surface appear on the terrace, the height of the
nanofacet inevitably becomes an integer or a half-integer of
the unit-cell height. This is the reason for the observed quan-
tization of the nanofacet height.20,22–25

Only the preference of the cubic surface is incapable of
explaining the magic facet angle. The counter factor is the
repulsive interaction between two SB steps. Suppose gðlÞ
being the energy per unit length a0 between the two SB steps
separated by l. Counting the surface energies of the terraces
and the repulsive energies between the steps, we then obtain
the energy per a0 of the nanofacet with the facet angle u on
the (0001) surface with the vicinal angle h as

FIG. 3. Total energy of the ð11!2nÞ nanofacet formed on the 4H-SiC (0001)
vicinal surface as a function of the facet angle. The energies are relative to
that of the most stable nanofacet with the facet angle u0 ¼ 15:3% ðn ¼ 12Þ.
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TEM image
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複素数になると計算量は
実数のときの４倍になる
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原子に働く力の計算
原子構造最適化

第一原理分子動力学



イオン座標に関する微分
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φn (r) = εnφn (r)

Kohn-Sham方程式が解けているとして
そのときの波動関数で上の式を計算すると
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擬ポテンシャルの微分は本計算に入る前に簡単に用意できるため、
DFT＋擬ポテンシャル法は力の計算が非常に簡単に実行できる

1R 2R

電子系が I番目のイオンに及ぼす力
（Hellman-Feynman力）



原子構造最適化①

E[ρ] E0 = E[ρ0 ]
最小化

E ρ,R1
ini,R2

ini,,RNatom

ini!" #$ E0 R1
ini,R2

ini,,RNatom

ini( ) = E ρ0,R1
ini,R2

ini,,RNatom

ini!" #$
最小化

DFTの計算→エネルギー最小化問題

となるように原子配置を更新

DFT計算 → 原子配置更新 → DFT計算 → ‥（エネルギー最小まで繰り返す）

正確には「ある与えられた原子配置」でのエネルギー最小化をやっていることになる

E0 R1
ini,R2

ini,,RNatom

ini( ) ≥ E0 R12nd,R2
2nd,,RNatom

2nd( )

原子構造最適化

そこでさらに



原子構造最適化②

E0 R1,R2,,RNatom( ) の最小化には共役勾配法（CG法）を用いる

CG反復の各ステップで、電子系のエネルギー最小化（Kohn-Sham方程式を解く）
を実行する必要がある（DFT計算）

このタイプの計算が、第一原理DFTの最も重要な応用

DFT計算を何度も何度も（CG反復の回数だけ）繰り返す必要がある
（DFT部分の計算のスピードが重視される）



第一原理分子動力学法

FeI = −
∂E0 R1,R2,,RNatom( )

∂R I

電子系が I番目の原子核に及ぼす力
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Newtonの運動方程式（古典力学）

MDを１ステップ進める（原子核の位置を動かす）ごとにRSDFT計算を実行
（RSDFT部分がボトルネックになるのでスピード重視タイプの計算）



代表的な第一原理MD法

• ボルン-オッペンハイマー MD
–原子が動く度にDFT計算をやり直す（電子系の
基底状態をきっちり計算する）

– 1MDステップのコスト高
– しかし時間幅を大きく取れる

• Car-Parrinello MD
–原子とKohn-Shamの波動関数を同時に動かす
– 1MDステップのコスト低
–波動関数の時間発展が小さい時間幅を要求



Car-Parrinello MD

Car-Parrinelloのラグランジアン

R. Car and M. Parrinello, Phys. Rev. Lett. 55, 2471 (1985).

L = µ dr∫ φi (r)
2

i=1

N

∑ +
1
2

MI
R I
2

I=1

Natom

∑ −EDFT [φi,R I ]+ Λij dr∫ φi
*(r)φ j (r)−δij( )

j=1

N

∑
i=1

N

∑

µ
d 2φi (t)
dt2

= −
δEDFT

δφi
*(t)

+ Λij
j=1

N

∑ φ j (t) = −ĤKSφi (t)+ Λij
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（電子系の波動関数も古典力学と同じ形の方程式で時間発展）
→（セルフコンシステントにDFTを解き直す必要がない）
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運動方程式



RS-CPMD

1 MD step rotorb Potential & 
Force 

construction

Hamiltonia
n

operation

rotorb2

64 MPI× 8 OMP
(512 cores)

38.98
(54.3 %)

20.46
(61.4 %)

2.28
(8.79 %)

2.23
(2.43 %)

14.03
(68.5 %)

512 MPI × 8 OMP
(4096 cores)

5.54
(37.5 %)

2.69 0.52 0.44 1.83

1024 MPI × 8 OMP
(8192 cores)

3.23 1.50 0.42 0.28 0.99

2048 MPI × 8 OMP
(16,384 cores)

2.18 0.93 0.43 0.20 0.59

炭酸プロピレン128分子（1644原子）



時間依存密度汎関数理論



時間依存Schrödinger方程式
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時間依存密度汎関数理論
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と が１対１に対応 Runge-Grossの定理

E. Runge and E.K.U.Gross,
Phys Rev. Lett. 52, 997 (1984).

ρ(r, t)



時間依存Kohn-Sham方程式①
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時間依存Kohn-Sham方程式②
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基底状態DFTの汎関数をそのまま持ってくる
「Adiabatic近似」がよく使われる。
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時間依存Kohn-Sham方程式③
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もし近似(ALDA等)なしに計算できたなら、密度に加えてカレントも真の系と同じ物になる



実時間TDDFT

• 時間発展をそのまま追う
– 計算法はいろいろある

• テイラー展開法はだいぶ荒っぽいが結構使える
（数万ステップくらいなら精度を保つ）

• 直交性を正確に保つ方法もある（クランク-ニコルソン, 鈴木-トロッターなど
）
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! ← 時間発展後も直交性は
自動的に（近似的に）保たれる

「ハミルトニアンを作用させる」
という事が主要な演算になる



Time-dependent local-density approximation in real time

K. Yabana and G. F. Bertsch
Phys. Rev. B54, 4484 (1996).

TDKS方程式による最初の時間発展計算 －実時間-実空間法－

Three-dimensional time-dependent Hartree-Fock calculation :
Application to 16O + 16O collisions

H. Flocard, S. E. Koonin and M. S. Weiss
Phys. Rev. C17, 1682 (1978).

原子核物理の分野で先駆的な研究があった

・3次元メッシュ！
・実時間発展！

J. R. Chelikowskyの実空間法（1994年）
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1. Apply impulsive external field

2. Calculate dipole moment in time p(t)

3. Time-frequency Fourier transformation

Dipole moment

Oscillator strength

Whole spectrum from single real-time calculation

Linear response calculation in real-time



T. Nakatsukasa, K. Yabana, J. Chem. Phys. 114(2001)2550.

Comparison with measurement (linear optical absorption)

Exp
TDDFT

Without dynamical screening
(frozen Hamiltonian)

TDDFT accurately describe optical absorption
Dynamical screening effect is significant
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固体に対する最初のTDDFT時間発展計算

Real-space, real-time method for the dielectric function
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We present an algorithm to calculate the linear response of periodic systems in the time-dependent density
functional theory, using a real-space representation of the electron wave functions and calculating the dynamics
in real time. The real-space formulation increases the efficiency for calculating the interaction, and the real-
time treatment decreases storage requirements and allows the entire frequency-dependent dielectric function to
be calculated at once. We give as examples the dielectric functions of a simple metal, lithium, and an elemental
insulator, diamond.

I. INTRODUCTION

Real-space methods have proven their utility in calculat-
ing the linear response of finite systems in time-dependent
density functional theory.1,2 However, there has been the per-
ception that real-space methods are unsuitable for infinite
periodic systems. The problem is that the long range polar-
ization currents are important but are dynamically indepen-
dent of the local state of the electrons within the unit cell.
Stated differently, the polarization gives rise to a surface
charge at the surface of any finite sample, but the resulting
electric field is independent of the charge density within any
cell in the interior. The necessity to introduce the polariza-
tion as an independent degree of freedom has been well rec-
ognized in the literature of the density functional theory.3–6
We will show here that in fact it is straightforward to treat

infinite systems in the real-time formulation of time-
dependent density functional theory, simply by adding as one
additional dynamic variable the surface charge. Formally,
this is conveniently done adding a gauge field within a La-
grangian. A gauge formalism has also been very recently
applied by Kootskra et al.,7 however using a frequency rep-
resentation rather than solving real-time equations. In our
formulation, we derive the dynamic equations from the La-
grangian:
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Here the & i are the Bloch wave functions of the electrons,
normalized so that n(r)!$ i#& i(r)#2 is the electron density.
The volume of the unit cell is # . The electromagnetic inter-

action is separated into a Coulomb field V(r) that satisfies
periodic boundary conditions in the unit cell and a vector
gauge field ẑA(t). Note that the gauge field is uniform, with-
out any dependence on r. The electric field is then given by

E!!"%! V" ẑ
dA
dt .

In these formal equations, we use units with ,!c!1.
The other pieces of the first integral are the usual terms in

the Kohn-Sham energy functional. The term en(r)V(r)
gives the direct Coulomb interaction of the electrons, except
for the surface charging. The ionic interaction is separated
into a long-range part that can be associated with an ionic
charge density n ion(r) and a short-range part Vion . The sepa-
ration is somewhat arbitrary, but is useful because the peri-
odicity of V then takes the ionic lattice into account auto-
matically. The latter depends on the orbital angular
momentum of the electrons in typical ab initio pseudopoten-
tials. It therefore depends on the full one-electron density
matrix *(r,r!)!$ i& i*(r)& i(r!). We have emphasized this
point because nonlocal interactions do not respect gauge in-
variance. The invariance is of course restored if the density
matrix is gauged. This will be described in more detail be-
low. Finally, the Vxc is the usual exchange-correlation energy
density of density functional theory.
Requiring the Lagrangian action to be stationary gives

equations of motion for & i and A and the Poisson equation
for V. The dynamic equation for & i is the time-dependent
Kohn-Sham equation,
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The equation for A is
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固体中電子の光応答の記述

EXTENAL INDUCED( ) ( ) ( )t t t= +A A A

2

2 ( ) 4 ( )e t e t
t c

p¶ æ ö = -ç ÷¶ è ø
A j

++++++++++++++

++++++++++++++

-----------------------

-----------------------

~TDKS方程式により、Bloch関数の時間発展を記述する
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カレントだけ（induced field不要）
でも計算可能？
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第一原理計算のターゲット

63

任意の元素数と原子数の系
→小規模系から大規模系まで

基底状態、電子励起状態
ダイナミクス（電子，原子）
→計算手法が全く違う



まとめ

• ナノスケールでの量子力学的第一原理シミュレーション
– 10,000〜 100,000原子
– これを実際には複数ケース実行しなければならない

• 「京」全ノード級のジョブがポスト「京」では日常的なジョブに
– 「京」全ノード級＝数万〜10万原子系

• ポスト「京」ができたとしても、小さな系の計算も続く
– 大規模系から小規模系まで、ターゲットは無限にある
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